We apply a higher version of the Chas-Sullivan string product on the loop homology of a manifold, in order to compute the homology of the spaces of holomorphic and continuous spheres into a complex projective space. We show also that the string product already exists on the holomorphic mapping space level. We then extend the string product to a module structure on the homology of a continuous mapping space between manifolds. As a consequence we deduce a periodicity theorem when the source is a compact Riemann surface and the target is a complex projective space.
Introduction
Spaces of maps, holomorphic and continuous, from a Riemann surface into P n have been much studied in recent years. These are spaces that occur naturally in physics (sigmamodels, topological field theory, etc.), in engineering (control theory) or also in the theory of minimal surfaces and harmonic maps. Our main interest in this note is the topology, and in particular the homology, of these spaces.
A connection between holomorphic and continuous mapping space is given by a famous homological approximation theorem by Segal [11] .
Write Hol(C, P n ) (resp. Map(C, P n )) for the space of all holomorphic (resp. continuous) maps from a compact Riemann surface into the complex projective space P n . An integer k labels the components. In the holomorphic case k is non-negative and is the algebraic degree. In the continuous case k takes all values. Segal's theorem states that the inclusion
is a homology isomorphism up to dimension (k − 2g)(2n − 1), where g is the genus of C ( 1 ).
In the genus 0 case the homology of the based versions of the holomorphic and continuous mapping spaces was computed in [3] . The original motivation of this paper is to extend such computation to the unbased case, by studying the Serre spectral sequence relating based and unbased mapping spaces. The key ingredient is the existence of a product on this spectral sequence that is essentially the string topology product of [1] .
We write Hol(n) := Hol(P 1 , P n ) and L 2 (P n ) := Map(P 1 , P n ), when the domain is the projective line. It is customary to write Rat(n) for the subspace of based holomorphic maps P 1 → P n , and Ω 2 (P n ) for the corresponding subspace of based continuous maps, so that we have the diagram of inclusions Rat(n) − −− → Ω 2 P n   Hol(n) − −− → L 2 P n .
In [3] it is shown that Rat(n) is a C 2 -space (in particular an H-space), and the inclusion Rat(n) ⊂ Ω 2 P n is an H-map inducing a homology monomorphism 2 .
At the prime 2
1.2
H * (Rat(n); Z 2 ) = Z 2 [ι, u, Q(u), QQ(u), . . .],
where the algebra structure corresponds to the Pontrjagin product, and ι and u are the images of the bottom and top homology of S 2n−1 via a homotopy equivalence
is the iterated first Dyer-Lashof operation on u. Now the homology of the continuous mapping space Ω 2 P n is obtained from the homology of Rat(n) by inverting multiplicatively ι, compatibly with the fact that Ω 2 P n is the group completion of Rat(n).
With coefficients in Z p , with p an odd prime, the statement is analogous, for we have
where β is the mod-p homology Bockstein, while H * (Ω 2 P n ; Z p ) is obtained by inverting ι. Rationally the situation is trivial as all positive components of Rat(n) and all components of Ω 2 P n are rationally equivalent to S 2n−1 (cf. section 2). Note that multiplication by ι or u switches components up by one. For M a closed compact oriented manifold of dimension d, consider the "Chas-Sullivan" loop homology groups
As in the case of single loops [1] , it is possible to define a graded associative and commutative product on {H i (L 2 M )} i∈Z . In section 4 we check that this construction is in fact already possible at the level of holomorphic mapping spaces into projective spaces.
Proposition 1
The groups H * (Hol(n)) form a graded commutative ring and the induced map
There is also a stronger version of this result holding on the level of spectra, similarly as in [5] .
Following ideas of Cohen-Jones-Yan [6] , we next exhibit a second quadrant spectral sequence of algebras E r (S 2 , P n ) which converges to H * (L 2 P n ) = H 2n+ * (L 2 P n ). This allows complete determination of H * (L 2 (P n )) with field coefficients, and by standard comparison arguments, a determination of H * (Hol(n)) as well.
To state our first main result, write H * (P n ) = Z[c]/c n+1 and grade it negatively so that c ∈ H −2 (P n ). Note that H * (Ω 2 P n ) ⊗ H * (P n ) is an algebra with product induced from the Pontrjagin product in the first factor and the cup product in the second factor.
Theorem 2 (Continuous) The homology H * (L 2 P n ) with coefficients in a field is the homology of the differential graded algebra H * (Ω 2 P n ) ⊗ H * (P n ) with differential d such that dι = (n + 1)uc n and d vanishes on all other generators. (Holomorphic) The homology H * (Hol(n)) with coefficients in a field is the homology of the differential graded subalgebra H * (Rat(n)) ⊗ H * (P n ) with the same differential as above.
The above description allows complete determination of the additive homology structure of L 2 P n and Hol(n) with field coefficients. We conjecture that the isomorphisms above preserve the algebra structures. In order to avoid extension problems one should work on the chain level, as in [7] .
Corollaries.
This generalizes a result of [Hv] in the case n = 1.
(Periodicity) Multiplication by
Note also that if p does not divide k, then postcomposition by a map 
(Mod p)
If p is odd and divides h, then the spectral sequences of L 2 h P n and Hol h (n) mod p collapse. Moreover, if p does not divide k(n + 1), then the spectral sequences of L 2 k P n and Hol k (n) do not collapse and kill approximately 1/(n + 1) of the E 2 term.
In a final section we make the following useful observation and use it to uncover some periodicity in the homology of the space of maps of higher genus curves into P n .
Proposition 3 Let N, M be two closed compact oriented manifolds of dimension n and d respectively. Then H * (Map(N, M )) has the structure of a module over H * (L n M ), where
This is a direct consequence of the existence of the coaction map N − −− →N ∨ S n given by collapsing the boundary of a little disc in N . Even this statement has a stronger version on the level of spectra. As a corollary we shall prove
In particular if p divides n + 1 then all components have the same homology.
(Dichotomy) The additive homology of a component of Map(C, P n ) with coefficients in a field is isomorphic to the homology of the component of degree either zero or one.
The complete computation of H * (Map(C, P n )) for higher genus will be given elsewhere. There are various ways one can extend these results. The string product should exist in the homology of the space of holomorphic spheres into a variety V , whenever V is a homogeneous space. Moreover the construction of the holomorphic string product can be still performed if we replace singular homology by a generalized homology theory h * such that the associated cohomology theory h * is multiplicative and V is h * -oriented [4] .
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The degree one component
As will soon be apparent, the geometry of the space of holomorphic maps P 1 − −− →P n is essentially reflected in the degree one component Hol 1 (n). We fix base points so that 2.1 Rat(n) = {f : Lemma 5 Let τ (P n ) be the sphere bundle of unit tangent vectors of P n . Then there is a fiber homotopy equivalence
Proof: A linear map P 1 → P n sending the base point 
, with z 0 ∈ C and (z 1 , . . . , z n ) = 0, so that Rat 1 (n) ∼ = C × (C n − 0). Since P n is acted on transitively by P U (n + 1), and the stabilizer of the base point is 1 × U (n), there is a diffeomorphism
and a smooth bundle Rat k (n) → Hol k (n) → P n , where U (n) acts on Rat k (n) by postcomposition. The unit sphere S 2n−1 ⊂ {0} × (C n − 0) ⊂ Rat 1 (n) is a U (n)-invariant subspace and a deformation retract. We identify the tangent space to P n in [1 : 0 : . . . : 0] with the copy C n ⊂ P n embedded via (x 1 , . . . , x n ) → [1 : x 1 : . . . : x n ], compatibly with the action of U (n). Then P U (n + 1) × U (n) S 2n−1 is the bundle τ (P n ) of unit tangent vectors with respect to the Fubini-Study metric. The induced map of bundles τ (P n )− −− →Hol 1 (n) is a homotopy equivalence, by comparing the long exact sequences of homotopy groups.
Here is an example of a calculation that does not require string products yet. We denote again by ι ∈ H 0 (Rat 1 (n); Z) and u ∈ H 2n−1 (Rat 1 (n); Z) the generators.
Proposition 6 Let a = [P n ] ∈ H 2n (P n ; Z) be the orientation class, and let uι k−1 ∈ H 2n−1 (Rat k (n); Z) ∼ = Z be the generator. Then in the integral homology Serre spectral sequence for Rat
Proof: The case k = 1 follows from lemma 5, since in the homology Serre spectral sequence for τ P n , d 2n (a) = (n + 1)u, as (n + 1) is the Euler characteristic of P n . Now observe that precomposition with the k degree map P 1
, and commutes with the evaluation fibration.
It suffices by comparison to show that the map f k : Rat 1 (n)− −− →Rat k (n) induces multiplication by k on H 2n−1 ∼ = Z. But f k extends to the k-th power map of the H-space Ω 2 P n , the inclusion H * (Rat(n)) → H * (Ω 2 P n ) is a ring homomorphism, and
* (P n ; Q), where s 2n−1 is the formal operator that raises degrees by 2n − 1.
is rationally the sphere S 2n−1 , and its fundamental class is hit by [P n ] according to proposition 6.
3 String products and homology of n-fold loops Below M will refer to a closed compact oriented d-manifold with basepoint x 0 . In this section we point to a new product structure in a variant of the Serre spectral sequence for the evaluation fibration
where L n M = C ∞ (S n , M ) and ev(f ) = f (x 0 ). Whenever convenient we identify M with the subspace of constant loops in L n M . The homology H * (M ) = 0≤i≤d H i (M ) is a graded commutative ring with intersection pairing ∧ which relates to cup product via Poincaré duality pd as follows
We claim that there is a graded associative and commutative product on H * (L n M ) which is compatible via evaluation with the intersection product;
This product is constructed as follows, see [4] . There is a diagram of fibrations
where * is loop sum induced by precomposition with the pinch map S n → S n ∨ S n , and the middle fibration is obtained as a pullback over the diagonal ∆. All spaces involved on the top line are infinite dimensional manifolds. However the inclusion of 
Here we viewν as the total space of a d-dimensional vector bundle obtained by pulling back the tangent bundle T M along ev. The composite above followed by loop sum yields in turn
The pairing obtained is precisely a higher version of the Chas-Sullivan product; if we set 
Holomorphic string products
We now assume that M is a compact complex d-manifold and we seek to define a "holomorphic" string product
To that end we need exhibit a diagram as in 3.2 with L 2 M replaced by Hol(M ). We expect this to make sense for a wide class of varieties, as explained in the introduction. Here we give the construction for M = P n . We use the fact that the H-space structure of Rat(n) can be defined by adding vectors of rational functions. However, in general the sum is neither well-defined nor continuous, but the definition makes sense on a deformation retract of Rat(n) × Rat(n). We prove next the first part of proposition 1. Let Hol(n) × P n Hol(n) be the space of pairs of holomorphic maps which agree at the base point.
Proposition 8 There are maps Hol i (n) × P n Hol j (n) → Hol i+j (n) which induce a bigraded ring structure on H * (Hol(n)) := H 2n+ * (Hol(n)).
Proof: Write P 1 = C∪{∞} and let Rat(n) be as in 2.1. If f ∈ Rat k (n), then the restriction of f to C is of the form f (z) = [g(z) : p 1 (z) : · · · : p n (z)], the components being polynomials with deg p i < deg g = k, and such that g, p 1 , . . . , p n have no common zero. We therefore identify f with its corresponding vector of rational functions (p 1 /g, ..., p n /g). We call the zeroes of g the poles of f . Note that if we regard U (n) as the stabilizer of a point in P U (n+1) acting on P n by isometries, then U (n) acts on Rat(n) (by postcomposition) and the action is given by matrix multiplication of A ∈ U (n) and a vector f = (p 1 /g, . . . , p n /g) ∈ Rat(n).
A useful feature here is that Af and f have the same poles.
Let Rat ≤i (n) be the subspace of Rat(n) consisting of maps f with poles of norm less than i. The inclusion Rat ≤i (n) ⊂ Rat ≤2i (n) has a U (n)-equivariant homotopy inverse sending f (z) to f (2z), since U (n) acts by postcomposition, and the action commutes with precomposition. This induces in turn a homotopy equivalence
and in the limit we obtain a homotopy equivalence
The same argument as above, as applied to translations f (z) → f (z − c), shows that P U (n + 1) × U (n) Rat u (n) and P U (n + 1) × U (n) Rat l (n) are homotopy equivalent to Hol(n),
where Rat u (n) and Rat l (n) consist of functions having poles in some unit disc in the upper and lower half-planes respectively. An earlier remark shows that Rat u (n) and Rat l (n) are U (n)-invariant subspaces, and in fact there is a homotopy equivalence P U (n + 1)
, where U (n) is acting diagonally. There is then a map
Here + is induced by the sum of vectors of rational functions Rat
Such operation is now well defined, since we sum functions with distinct poles, and it is U (n)-equivariant, since A(f + g) = Af + Ag.
This gives the desired composition pairing and the first part of our assertion.
Observe at this point that there is a smooth map (of finite dimensional manifolds this time) ev : Hol i (n) × P n Hol j (n)− −− →P n . The Thom-Pontryagin construction with respect to the pullback of the tangent bundle T P n , seen as a normal bundle of the inclusion Hol i (n) × P n Hol j (n) ֒→ Hol i (n) × Hol j (n), yields the homomorphism
which represents the string product at the level of holomorphic maps. The next lemma completes the proof of proposition 1.
Proof Consider the right-half of diagram 3.2 (the pullback diagram). There is a holomorphic version of it mapping to 3.2 via inclusions. The Thom spaces of the corresponding normal bundles map to each other and hence the first part of 3.4 maps to the first part of 3.3. It remains to compare the loop sum parts. To that end it suffices to show that the following diagram commutes up to U (n)-equivariant homotopy.
The homotopy is given by H t (f, g) = f a t + gb t , where a t (respectively b t ) is a homotopy between the identity of S 2 and the composite S 2 → S 2 ∨ S 2 → S 2 of the pinch map and the projection onto the first (respectively second) summand.
As we pointed out in the introduction, one can follow the constructions in [5] and obtain the following stronger result.
Proposition 10
The Thom spectra Hol(n) −T P n and L 2 (P n ) −T P n are A ∞ -ring spectra and
Remark It is more common in the literature (eg. [3] ) to define instead Rat(n) = {f : In this case a function f ∈ Rat(n) is identified with a vector (f 1 /g, . . . , f n /g), such that deg f i = deg g = k and f 1 , . . . , f n , g are monic polynomials without common zeroes. In this case the componentwise product of rational functions defines a H-structure, similarly as before. Precisely the "loop product" is given by
where h (resp. h ′ ) is a fixed homeomorphism between C and the upper (lower) halfplane. If p is a polynomial with roots z i , then h(p) means the polynomial with roots h(z i ). It turns out that the loop product and the loop sum give two H-space structures on Rat(n) which are equivalent. More generally there are C 2 -structures associated to these operations that are equivalent as well.
Homological computations
Next we follow [6] and we incorporate the string product • into the Serre spectral sequence associated to the evaluation 3.1. In fact the construction for the case m > 1 runs almost word for word as in the case m = 1 treated in [6] , §2. The main difference is that in general L m M is not connected, so that in general there is an extra grading indexed by π m (M ).
Theorem 11
Suppose that M is a closed, compact, oriented, simply connected manifold, and assume m ≥ 1. Then there is a second-quadrant trigraded spectral sequence of rings
). The product structure on E 2 is given by the cup product in cohomology with coefficients in the bigraded Pontrjagin ring H * (Ω m M ).
We apply theorem 11 to the case m = 2, M = P n . Write H i = H 2n+i , and grade negatively the cohomology ring H * (P n ) = Z 2 [c]/c n+1 , c ∈ H −2 (P n ). Recall that ι ∈ H 0 (Ω 2 1 P n ) and u ∈ H 2n−1 (Ω 2 1 P n ) are the generators coming from the inclusion S 2n−1 ≃ Rat 1 P n ֒→ Ω 2 1 P n . The 2nd quadrant spectral sequence associated to Ω 2 P n − −− →L 2 P n − −− →P n (theorem 11) has as E 2 term the algebra E 2 * , * ′ = H * (P n ) ⊗ H * ′ (Ω 2 P n ) and converges to H * + * ′ (L 2 P n ). By dimensional reasons E 2n+1 = E ∞ .
According to lemma 5, in the spectral sequence for Hol 1 (n) there is a unique differential from the orientation class [P n ] in the base to the spherical class u in the fiber. By comparison we get the same differential for Ω 2 1 P n → L 2 1 P n → P n . Going to the spectral sequence for H * (L 2 P n ), the class [P n ] translates to ι ∈ E 2 0,0 , while u translates to c n u ∈ E 2 −2n,2n−1 . The Euler class differential in lemma 5 translates in turn to the differential d 2n ι = (n + 1)c n u. Note that the fact that d is a derivation implies that
which recovers the statement in proposition 6. This also settles the rational case (eg. corollary 7) since Ω 2 P n is rationally Z × S 2n−1 , with rational homology
With mod-2 coefficients, there are additional generators
. But Q (i) (u) is the top class in H * (Rat 2 i (n); Z 2 ) and hence by comparison dQ (i) (u) = 0 in the spectral sequence for the continuous mapping space.
For p an odd prime, the procedure is analogous, for Q (i) (u) is the top class in the homology mod p of Rat p i (n), and its Bockstein is the image of the top class of the same space with coefficients in Z (p) .
The homology of Hol(n) is obtained by comparison and injects into the homology of L 2 (P n ); the E 2n term for Hol(n) being a direct summand of the E 2n term for L 2 (P n ). This proves the second part of the theorem.
Remark 12 One could introduce the string product directly on the spectral sequence computing the homology of Hol(n). The same should work for the varieties admitting a holomorphic string product, as mentioned in the introduction.
From theorem 2, one easily deduces the list of corollaries in the introduction. For example mod 2, and for n even, the differential d 2n is non-trivial exactly on those monomial generators of the 0-th column such that the exponent of ι is odd.
Module structures and maps from Riemann surfaces
We prove proposition 3. Let N and M be two based, connected, closed, compact and oriented manifolds of dimension n and d respectively, with M simply connected. The coaction map N − −− →N ∨ S n given by pinching the boundary of a small disc yields by postcomposition a map µ :
As before this can be used to show the existence of a homomorphism
As in the previous section one constructs the normal d-dimensional bundleν of Map(N, M )× M L n M in Map(N, M )×L n M obtained by pullback via ev of the tangent bundle of M , viewed as normal bundle of the diagonal embedding. Applying the Thom isomorphism and then multiplying via µ yields c. This makes H * (M ap(N, M )) into a H * (L n M )-module.
Remark 13 There is a stronger version of proposition 3 on the level of spectra, in the spirit of [5] , saying that the Thom spectrum M ap(N, M ) −T M is a module over the A ∞ -ring spectrum L n M −T M .
Notice that there is a chain level analog of the previous construction which is compatible with the Serre spectral sequence filtration for Map * (N, M )− −− →Map(N, M )− −− →M . This can be checked using a straightforward generalization of the arguments in [6] , §2, and so we skip the details. As in theorem 11 and using Poincaré duality in M , we consider the Serre spectral sequence as a second quadrant spectral sequence converging to the homology of Map(N, M ), such that When r = 2, the action corresponds to the map obtained via cup product on H * (M ) and the standard H * (Ω n M )-module structure of H * (Map * (N, M )) induced by the pinching map. Moreover the module structure of the E ∞ -terms is compatible with the H * (L n M )-module structure of H * (M ap(N, M )).
Let now N = C be a compact Riemann surface (of fixed positive genus) and M = P n .
Proof of theorem 4:
Recall that the differential on ι k in E 2k 0,0 (S 2 , M ) is the class (n + 1)kuι k−1 c n which is trivial when p divides k(n+1). Since ι k survives and it is invertible (with inverse ι −k ), and since it switches up components by k, we get isomorphisms E r,i (C, P n ) ∼ = E r,i+k (C, P n ) for every r ≥ 2, where the second grading refers to the component. This implies that E ∞,i (C, P n ) ∼ = E ∞,i+k (C, P n ) and the claim follows.
